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Abstract 

Mechanical properties of fibre-reinforced thermoplastics show a remarkable temperature dependence 
within application temperatures of automotive and aerospace lightweight structures. To take this 

dependence into account when designing components, the strengths (R∥
t, R∥

c, R⊥
t, R⊥

c, R⊥∥) and 

stiffnesses (E∥
t, E∥

c, E⊥
t, E⊥

c, G⊥∥) of continuous carbon and glass fibre-reinforced polyamide 6 and glass 

fibre-reinforced polypropylene are modelled analytically based on experiments. Data from temperature-
controlled tests on flat samples in the range from -20 °C to +80 °C are therefore approximated using an 
extended hyperbolic approach. The models obtained are then evaluated based on their deviation from 
the experimental values. The main criterion of this evaluation is the reliable prediction of the 
temperature-dependent material properties while minimising the effort for generating test data and 
determining model parameters. Furthermore, the failure behaviour of the investigated materials under 
multiaxial mechanical and thermal stress is examined by implementing the determined strength curves 
into Cuntze’s physically based failure criterion. 

1 Introduction 

1.1 Analytical model for the temperature-dependent strength and stiffness of 

continuous fibre-reinforced semi-crystalline thermoplastics 

Due to their lightweight construction potential, continuous fibre-reinforced plastics (FRP) with a 
thermoset matrix are already widely used in aerospace, sports equipment technology, and the 
automotive industry. When considering certain aspects such as production rate, function integration 
through coupling to injection moulding processes [1], impact behaviour or recyclability, thermoplastic 
matrices offer advantages over thermoset matrices [2]. The applications in series production which have 
emerged from research projects, such as the development of a rear seat through-loading system [3], a 
battery carrier [4], or an engine mount [5], demonstrate the industry's interest in fibre-reinforced 
thermoplastics (FRTP). According to Kuhnel [6], both the classic laminate theory for stress analysis and 
physically based failure models such as the Failure Mode Concept (FMC) [7] for failure analysis can be 
applied equally to FRTP and duroplastic FRP when simulating failure behaviour. When performing such 

calculations, for example by using finite element programs, characteristic values for stiffness (E∥
t, E∥

c, 

E⊥
t, E⊥

c, G⊥∥) and strength (R∥
t, R∥

c, R⊥
t, R⊥

c, R⊥∥) depending on fibre orientation (parallel/transverse) 

and load direction (tensile/compressive), of the unidirectional (UD) layer are required. When working 
with semi-crystalline thermoplastic matrices such as polyamide 6 (PA6) or polypropylene (PP), a higher 
temperature dependence compared to thermosets has to be considered not only within processing 
temperatures such as during the automotive paint shop, investigated by Graetzl et al. [8], but also for 
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typical operating temperatures (-30 °C to +85 °C) for car body structures [9]. In particular, the matrix-
dominant properties of a UD layer, i.e. stiffness and strength perpendicular to the fibre orientation as 
well as shear properties, show a first loss in the range of the glass transition temperature Tg due to 

relaxation (also termed β-relaxation) of the amorphous phase of the polymer and a second loss (also 
termed α-relaxation), which occurs in the range below the crystalline melting temperature Tm due to 
relaxation of the crystalline phase [10]. Ehrenstein et al. [11] specify further softening temperatures Tγ 
due to γ-relaxation and TD due to desorption of absorbed water. The different relaxation processes of a 
polymer are often indicated by Greek letters. An α-relaxation is the one that occurs at the highest 
temperature, followed by the β-relaxation at a lower temperature and so on. This nomenclature can 
raise concerns in that physically identical relaxation processes of two different polymer types do not 
always correspond in their designations [12]. Hufenbach et al. [10] compare different approaches, 
including a linear, a multilinear and a hyperbolic approach for the analytical description of this stepwise 
temperature-dependent decrease in stiffness and strength with increasing temperature. From this 
comparison, the hyperbolic model by Gibson [2] represented in equation (1) appears to be suitable for 
mapping the temperature dependence. 

 

P(T) = P1 −
(P1 − P2) × [1 + tanh(k1(T − T1))]

2
−

(P2 − P3) × [1 + tanh(k2(T − T2))]

2
 (1) 

 

Gibson et al. [2] introduce a total of seven parameters for modelling the hyperbolic function. The 
parameters P1−3 correspond to stiffness and strength values, respectively, with P1 being below the 

coldest investigated relaxation (considered as β-relaxation), P2 between β- and α-relaxation and P3 
above α-relaxation. The parameters T1−2 represent the position of the softening temperatures, with 

T1 approximating the β-relaxation temperature and T2 near the α-relaxation temperature of the polymer 

matrix. k1 and k2 determine the gradient of the hyperbolic function in the relaxation range. 

1.2 Failure model for continuous fibre-reinforced thermoplastics  

According to Kuhnel [6], failure models based on the fracture mode, such as Puck’s action plane strength 
criterion [13] or the FMC by Cuntze [14], are suitable for the strength analysis of FRTP with high fibre 
volume content and brittle fracture behaviour. Cuntze’s criterion, which is used here, consists of the 
failure conditions FF1 and FF2 for fibre failure and the conditions IFF1, IFF2 and IFF3 for inter-fibre 
failure as shown in equations (2a) - (2e), which occur when acting stresses exceed the assigned strength 

(R∥
t, R∥

c, R⊥
t, R⊥

c, R⊥∥). The ratios of acting stresses to the respective strength are referred to in the 

following as failure functions F, where the stresses are represented by the invariants I1−5 (equations 

(3a) – (3e)). The failure conditions are supplemented by the free curve parameters b⊥
τ  and b⊥∥, which 

can be determined from experimental data.  

 

FF1: F∥
σ =

I1

R∥
t = 1 (2a) 

FF2: F∥
τ =

−I1

R∥
c = 1 

(2b) 

IFF1: 
F⊥

σ =
I2 + √I4

2R⊥
t = 1 

(2c) 

IFF2: 
F⊥∥ =

I3
3/2

R⊥∥
3 + b⊥∥

I2I3 − I5

R⊥∥
3 = 1 

(2d) 

IFF3: 
F⊥

τ = (b⊥
τ − 1) 

I2

R⊥
c + b⊥

τ √I4

R⊥
c = 1 

(2e) 
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Cuntze [14] formulates the interaction of normal and shear stresses for the triaxial stress state ({σ} =
(σ1, σ2, σ3, τ23, τ13, τ12)T) by using the following invariants I1−5.  

 

I1  = σ1 
(3a) 

I2  =  σ2 + σ3 
(3b) 

I3  =  τ31
2  +  τ21

2
 

(3c) 

I4  =  (σ2 − σ3)2 +  4τ23
2

 
(3d) 

I5  =  (σ2 − σ3)(τ31
2 − τ21

2) − 4τ23τ31τ21 
(3e) 

 

The resulting inverse reserve factor 1/fres for the triaxial stress state, which predicts a first layer failure 

as soon as 1/fres ≥ 1, can be formed by connecting the failure functions of the five different failure 
mechanisms using a rounding exponent ṁ [14]:  

 

(
1

fres

)
ṁ

= (F∥
σ)ṁ + (F∥

τ)ṁ + (F⊥
σ)ṁ + (F⊥∥)ṁ + (F⊥

τ)ṁ 
(4) 

1.3 Objective 

In this paper the selected hyperbolic approach according to Gibson et al. [2] for the analytical description 
of the temperature dependence of stiffness and strength is applied to continuous fibre-reinforced 
thermoplastics in the temperature range from -20 °C to +80 °C using the computer algebra system 
Wolfram Mathematica. For this purpose, the Gibson model is extended to an unlimited number of 
softening intervals in order to be able to map all softenings occurring in a semi-crystalline matrix. On the 
one hand, the agreement of the hyperbolic model with the test data is to be evaluated in order to 
determine for which of the investigated mechanical properties the model is applicable. On the other 
hand, proposals for the reduction of the experimental effort as well as the effort for the determination of 
optimal curve parameters (P1−3, T1−2, k1−2) of the hyperbolic parameter functions are to be developed. 
Subsequently, the determined temperature-dependent basic strengths are to be implemented into the 
FMC [14] in order to give an outlook on the application of the determined results in the strength analysis 
of continuous FRTP structures. 

2 Materials and methods 

2.1 Test data and materials to be investigated 

The hyperbolic model according to Gibson et al. [2] is used to convert experimental data for strength 
and stiffness of continuous fibre-reinforced thermoplastics at different temperatures into a continuous 
function of temperature. The three Celanese Celstran® materials investigated are UD carbon or glass 
fibre-reinforced polyamide 6 with 60 % fibre mass content (PA6-CF60, PA6-GF60) and UD glass fibre-
reinforced polypropylene with 70 % fibre content (PP-GF70). For the strength and stiffness of the 
materials, results of tempered tests on flat samples are available, which were conducted in accordance 
with the test standards listed in Table 1. The tested materials are conditioned according to DIN EN ISO 
1110. For the temperature range from -20 °C to +80 °C, measured values of six to eight different 
temperatures are available for each material and parameter. 
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Table 1:  Underlying test standards for the mechanical properties of PA6-CF60, PA6-GF60 and  
PP-GF70 in the temperature range from -20 °C to +80 °C 

Test standard Determined property 

DIN EN ISO 527-4 E∥
t, E⊥

t, R∥
t, R⊥

t 

DIN EN ISO 14126 E∥
c, E⊥

c, R∥
c, R⊥

c 

DIN EN ISO 14129 G⊥∥ 

DIN 65148 R⊥∥ 

2.2 Determination of softening temperatures 

The determination of the softening temperatures required to create the analytical models for the 
temperature-dependent mechanical properties corresponds to the procedure of dynamic mechanical 
analysis (DMA) according to Ehrenstein et al. [11] and the standards DIN EN ISO 6721-1 and -3. Table 
2 shows the test conditions for the conducted DMA. 

 

Table 2:  DMA test conditions in accordance with DIN EN ISO 6721  

Property Value 

Temperature range -50 to +200 °C 

Specimen 35x12x2 mm, waterjet cut 

Heating rate 3 K/min 

Material PA6-CF60, PA6-GF60, PP-GF70 (0° and 90° direction) 

Condition dry (<0.1% humidity); conditioned (approx. 0.4-2% humidity) 

Clamping single cantilever 

Precision scale Precisa XR 205 SM-DR  

 

When evaluating linearly recorded DMA diagrams, softening temperatures (Tγ, Tβ, Tα, TD) can be 
determined on the basis of the maxima of the loss modulus E'', while the crystalline melting temperature 
Tm is determined on the basis of the largest inclination of the storage modulus E'. 

2.3 Extension of the hyperbolic model, curve fitting of the hyperbolic function to 

experimental data and implementation of temperature dependence into a failure 

model 

In order to extend the number of considered softening phenomena from two (α- and β-relaxation) to any 
number of phenomena (α-, β-, γ-relaxation, desorption), the hyperbolic model of Eq. (1) is extended to 
n softening transitions in Eq. (5):  

 

P(T) = P1 +
1

2
∑(Pi+1 − Pi)[1 + tanh(ki(T − Ti))]

n

i=1

 
(5) 

 

This type of series development can be applied here because Pi represents a mechanical material 
property which can be measured at any temperature. With this extension, the temperature-dependent 
mechanical behaviour of FRTP can hypothetically be modelled in any range from absolute freezing point 
to decomposition, if enough experimental data are available. For such a characterisation, the softening 
temperatures in the investigated temperature range must first be determined, e.g. by means of a DMA 
as described in 2.2. Subsequently, the amount n and temperatures TI (TI ∈ Tγ, Tβ, Tα, TD) of the 
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softenings to be modelled for the range of interest can be determined and the extended hyperbolic 
model (Eq. (5)) can then be reduced again to the required number of parameters. By fitting the model 
to test values from mechanical testing (cf. Table 1) at different temperatures with fixed intervals of 10 °C 
or 20 °C, continuous curves of mechanical properties as a function of temperature are generated. For 
such curve fitting, scripts are created using Wolfram Mathematica, which optimise the free parameters 
(Pj, Ti and ki) by minimising the mean square error between curve and test values. This curve fitting is 

performed for all ten mechanical properties (E∥
t, E∥

c, E⊥
t, E⊥

c, G⊥∥, R∥
t, R∥

c, R⊥
t, R⊥

c, R⊥∥) per 

investigated material (PA6-GF60, PA6-CF60, PP-GF70). In order to obtain physically justifiable results 
for the parameters during curve fitting, the following limits are defined for the free parameters ki, Ti and 
Pj: 

 0.001 < ki < 0.1; i = 1…n 
 (TI – 20 °C) < Ti < (TI + 20 °C); i = 1…n;  

TI ∈ Tγ, Tβ, Tα, TD (from DMA measurements) 
 Pn+1 = 0 MPa < Pn < Pn-1 < … < P2 < P1 

The specified inequality conditions as search limits for the parameters Pj (j ∈ 1, …, n+1) of the hyperbolic 
function result from the fact that all investigated stiffnesses and strengths decrease with increasing 
temperature. Based on the assumption that all mechanical characteristic values of the FRTP approach 
zero at the latest with increasing temperature due to decomposition of the individual components, the 
search limit Pn+1 = 0 MPa is also specified.  

In addition to the previously described first variant (V1) of a curve fitting to all given test values by 
optimising every parameter (ki, Ti and Pj) for each stiffness or strength of a material, two further variants 
of curve fitting are performed in order to investigate possibilities for reducing the number of parameters, 
the effort for parameter fitting as well as for mechanical testing in future material analyses. The fitting 
variant 2 (V2) aims to reduce the number of curve parameters ki and Ti per material by averaging each 

of them (k1…kn, T1…Tn) over all mechanical parameters (E∥
t, E∥

c, E⊥
t, E⊥

c, G⊥∥, R∥
t, R∥

c, R⊥
t, R⊥

c, R⊥∥). 

Thus, only the optimum parameters Pj of each material property have to be determined. Fitting variant 
3 (V3), on the other hand, provides a parameter adjustment for every single parameter as in V1, but 
aims to reduce the testing effort. The number of tests to be performed is reduced by not performing 
mechanical measurements at fixed intervals of 10 °C or 20 °C, but only at relevant measuring 
temperatures (MTi). The selection of these relevant measuring temperatures is based on the softening 
temperatures TI ∈ Tγ, Tβ, Tα, TD determined by the DMA and the minimum Tmin and maximum Tmax of the 
operating temperature range: 

 MT1 = Tmin 
 MTi = TI ± 10 °C; TI ∈ Tγ, Tβ, Tα, TD; i = 2…n-1 
 MTn = Tmax 

The quality of the curve fitting of the three variants is determined using the root mean square errors 
(RMSE) between the adapted curve and the test values. In order to be able to compare the three fitting 
variants with each other across materials and mechanical properties, the RMSE is normalised to the 
mean value of the minimum and maximum of the test values of a measured strength or stiffness 
(nRMSE). 

To investigate the applicability of the basic mechanical properties as a hyperbolic function for the 
strength analysis of unidirectional fibre-reinforced thermoplastics, the temperature dependence is 
implemented into the FMC [14] by replacing the constant strength values by the determined 

temperature-dependent strengths (R∥
t(T), R∥

c(T), R⊥
t(T), R⊥

c(T), R⊥∥(T)). For this purpose equations 

(2) to (4) of the FMC are programmed in Wolfram Mathematica and extended by the developed 
hyperbolic functions for the temperature-dependent strengths according to equation (5). For the 
investigated materials, the σ2-τ21failure curves as well as σ1-σ2-τ21failure bodies can be generated with 
this script for arbitrary temperatures in the examined range from -20 °C to +80 °C. Furthermore, the σ2-

τ21-failure curve as a function of temperature can be illustrated as a σ2- T-τ21failure surface. 
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3 Results 

3.1 Softening temperatures from Dynamic Mechanical Analysis 

Diagrams for the determination of softening temperatures were recorded for all three materials, both 
under bending load in the fibre direction and transverse to the fibre direction. By analysing the diagrams, 
the following relaxation and melting temperatures were determined. 

 

Table 3:  Softening temperatures determined from DMA diagrams 

Material Fibre orientation Tγ / °C Tβ / °C Tα / °C TD / °C Tm / °C 

PA6-CF60 90° -1402 -702 22 91 2203 

 0° -1402 -702 31 94 2203 

PA6-GF60 90° -1402 -702 11 94 2203 

 0° -1402 -702 20 90 2203 

PP-GF70 90° 1 3 70 1 155 

 0° 1 9 98 1 155 
1 no softening effects recognisable 

2 estimated from DMA diagrams in literature [11] 

3 taken from data sheet [15] 

 
For PA6-CF60 and PA6-GF60, γ- and β-relaxation temperature as well as Tm are below or above the 
measuring scope and can therefore not be measured. They are therefore estimated from DMA diagrams 
measured by Ehrenstein et al. [11] or taken from data sheets. For the PA6 matrix composites, a further 
peak at the desorption temperature TD (90 °C to 100 °C) can be detected in addition to the peaks at 
relaxation and melting temperatures. Throughout desorption, the water previously absorbed during 
conditioning exits the matrix due to the transition into the gas phase, leaving small voids and increasing 
the residual stresses in the composite, which leads to a change in strength and stiffness [11]. In contrast, 
DMA diagrams of dried PA6 samples and samples with PP matrix do not show significant peaks and 
thus no changes in mechanical properties due to desorption. The relaxation temperatures Tα and Tβ of 
specimens with loads in fibre direction are shifted by 6 °C to 28 °C to higher temperatures for all three 
materials compared to the tests transverse to the fibre direction. Figure 1 shows the shift in the loss 

modulus E’’ for PP-GF70 comparing specimens with 0° and 90° fibre orientation. Ehrenstein explains 
this phenomenon by the different temperature distribution during the test, which results from different 
fibre orientations [11]. Accordingly, 0° specimens dissipate heat faster to the clamping during the 
bending test than the 90° specimens resulting in the actual specimen temperature of the 0° specimens 
being below the recorded specimen temperature. Thus, the softening temperatures seem to be higher 
for 0° specimens than for 90° specimens. 
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Figure 1: DMA diagram with loss moduli for PP-GF70 with 0° and 90° fibre orientation 

 

Furthermore, due to the higher thermal conductivity of carbon fibres compared to glass fibres, the 
softening temperatures of PA6-CF60 samples appear higher than those of PA6-GF60 samples, 
although the same matrix is used. Consequently, it is assumed that the softening temperatures for PA6-
CF60 and PA6-GF60 are identical for 90° and 0° specimens, although the DMA diagrams show 
differences. Therefore, the softening temperatures TI in Table 4 are used in order to define the fitting 
limits for the parameters Ti as well as the temperatures MTi for measuring the support values of the 
hyperbolic model for the mechanical properties of PA6-GF60, PA6-CF60 and PP-GF70. 

 

Table 4:  Softening temperatures TI used for modelling the temperature-dependent mechanical 
 properties 

Material T5=Tγ / °C T4=Tβ / °C T3=Tα / °C T2=TD / °C T1=Tm / °C 

PA6-CF60 -1402 -702 11 94 2203 

PA6-GF60 -1402 -702 11 94 2203 

PP-GF70 1 3 70 1 155 
1 no softening effects recognisable 

2 estimated from DMA diagrams in literature [11] 

3 taken from data sheet [15] 

3.2 Application of a hyperbolic model to the temperature dependence of FRTPs’ 

mechanical properties 

In the following, the hyperbolic temperature curves for the investigated mechanical properties of PA6-
CF60, PA6-GF60 and PP-GF70, which were generated using Wolfram Mathematica scripts according 
to the fitting variants V1, V2 and V3, are discussed with regard to the applicability of the hyperbolic 
model and the fitting methods used. Only few of the 90 determined hyperbolic temperature curves (3 
materials x 10 mechanical properties x 3 fitting variants) are presented in this chapter to visualise the 
relevant conclusions.  

Applicability of the hyperbolic model to FRTPs’ anisotropic strengths and stiffnesses 

Studying the fibre-dominant stiffness characteristics E∥
t and E∥

c (see Figure 2) of the investigated 

FRTPs, only negligible temperature dependencies can be determined. The application of the hyperbolic 
model for fibre-parallel stiffness is therefore not considered necessary.  
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Figure 2: Temperature-dependent tensile 𝐸∥
𝑡 and compressive stiffness 𝐸∥

𝑐(T) in fibre direction of 

PA6-CF60, PA6-GF60 and PP-GF70 as hyperbolic function, fitted (V1) to the test values  

 

The functions of fibre-parallel tensile strength R∥
t for PA6-CF60, PA6-GF60 and PP-GF70, on the other 

hand, show an average loss of 26.4 % within the temperature range from -20 °C to +80 °C, see Figure 
3. An explanation for this mechanical loss of tensile strength with increasing temperature is the 
decreasing fibre-matrix adhesion as well as the reduced force transmission capacity between matrix 
and fibres due to the decreasing matrix stiffness. Consequently, weaker fibres due to production 
variations can be compensated less effectively by stronger surrounding fibres. Subsequently, the 

application of the hyperbolic model to describe the temperature dependence of R∥
t is considered useful. 

 

 

Figure 3: Temperature-dependent tensile strength 𝑅∥
𝑡(T) in fibre direction of PA6-CF60, PA6-GF60 

and PP-GF70 as hyperbolic function, fitted to the test values according to fitting variant V1 

 

The fibre-parallel compressive strength R∥
c exhibits a more distinct temperature dependence, as do all 

the matrix-dominant properties investigated (E⊥
t, E⊥

c, G⊥∥, R⊥
t, R⊥

c, R⊥∥). Figure 4 shows the 

temperature-dependent tensile strength R⊥
t(T) of PA6-CF60, PA6-GF60 and PP-GF70 as one 

reasonable application of the hyperbolic model.  
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Figure 4: Temperature-dependent tensile strength 𝑅⊥
𝑡(T) transverse to the fibre direction of PA6-

CF60, PA6-GF60 and PP-GF70 as hyperbolic function, fitted to the test values according to fitting 
variant V1 

 

Quality of fitting variants V1, V2 and V3 

In order to compare the quality of curve fitting variants V1, V2 and V3, Table 5 presents the nRMSE of 
each hyperbolic function generated, fitted to the strength and stiffness values measured at various 
temperatures. The deviation between model and test values when using fitting variant V1 with a full test 
data set of up to eight measuring temperatures, averaged over all properties and materials, is 1.9 % 
with a maximum deviation of nRMSE = 7.51 % for R∥

c(PP-GF70). From this, it can be concluded that 

the modelling of the temperature dependence by the hyperbolic model fitted with a Mathematica script 
according to V1 agrees very precisely to the actual material behaviour.  

 

Table 5:  nRMSE calculated from the deviations between fitted hyperbolic models and experimental 
values for strength and stiffness of PA6-CF60, PA6-GF60 and PP-GF70 

Fitting 
variant 

Material normalised Root Mean Square Error nRMSE / % Averaged 
nRMSE 

𝐑∥
𝐭 𝐑∥

𝐜 𝐑⊥
𝐭 𝐑⊥

𝐜 𝐑⊥∥ 𝐄∥
𝐭 𝐄∥

𝐜 𝐄⊥
𝐭 𝐄⊥

𝐜 𝐆⊥∥ 

V1 PA6-CF60 0.95 0.37 1.11 0.00 3.15 1.20 1.27 0.00 1.28 3.02 

1.9 % PA6-GF60 1.91 2.05 1.90 1.18 2.06 1.55 1.12 0.55 1.08 0.00 

PP-GF70 1.77 7.51 1.35 4.20 0.59 1.75 4.75 4.19 1.66 3.88 

V2 PA6-CF60 13.27 14.46 31.51 46.70 33.78 1.50 288.6 35.86 27.19 25.47 

44.2 % PA6-GF60 56.79 21.47 23.91 36.28 98.46 12.16 2.10 25.72 19.39 19.69 

PP-GF70 87.90 36.95 19.13 39.93 28.97 44.80 99.54 42.70 51.00 41.30 

V3 PA6-CF60 2.21 2.25 5.16 4.82 5.31 1.21 2.56 0.56 3.73 3.78 

4.6 % PA6-GF60 3.47 6.60 3.89 2.26 5.48 1.47 3.00 2.43 2.22 6.86 

PP-GF70 2.72 13.74 5.94 8.98 2.42 1.77 4.80 12.22 7.52 8.54 

 

The averaged deviation of 44.2 % with a maximum nRMSE of 288.6 % for the models fitted according 
to fitting variant V2 obviously suggests that the number of model parameters per material cannot be 
reduced by averaging each Pj and ki over all strengths and stiffnesses. Fitting variant V3, which aims to 
reduce the experimental effort by selecting only relevant measuring temperatures MT I according to the 
softening ranges of the semi-crystalline matrices, results in a mean deviation of nRMSE(V3) = 4.6 % 
averaged over all properties and materials and a maximum of 13.74 % for R∥

c(T) of PP-GF70. Showing 

good agreement between the measured values and the hyperbolic model across all investigated 
material properties and materials, this method of selecting only the essential measuring temperatures 
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for mechanical testing promises an appropriate possibility for minimising cost and time for determining 
a predictive model of temperature-dependent strengths and stiffnesses. Assuming that for the 
characterisation of one material in the temperature range from -20 °C to +80 °C according to V1 

mechanical tests for ten material properties (E∥
t, E∥

c, E⊥
t, E⊥

c, G⊥∥, R∥
t, R∥

c, R⊥
t, R⊥

c, R⊥∥) must be 

carried out at eight different temperatures with intervals of approx. 15 °C and five repetitions per test, a 
total test scope of 400 tests results. In comparison, according to fitting variant V3, for the same properties 
in the same temperature range and the same number of repetitions, only measurements at four different 
temperatures (MTi: -20 °C, 0 °C, 20 °C, 80 °C) for composites with a PA6 matrix, or five different 
temperatures (MTi: -20 °C, -10 °C, 10 °C, 60 °C, 80 °C) for composites with a PP matrix, and therefore 
only 200 or 250 tests, respectively, are necessary, instead of 400. To compare the fitting variants, 
Figure 5 shows the temperature-dependent transverse compressive strength R⊥

c(T) of PA6-GF60, fitted 
according to V1, V2 and V3.  

 

 

Figure 5: Temperature-dependent compressive strength 𝑅⊥
𝑐(T) transverse to the fibre direction of PA6-

GF60 as hyperbolic function, fitted to test values according to the fitting variants V1, V2 and V3 

 

The deviations between model and experimental values are nRMSE(V1) = 1.2 %, nRMSE(V2) = 36.3 % 
and nRMSE(V3) = 2.3 %. For further improvement of the fitting method V3 with a reduced data set, the 
influence of the distance between softening temperatures TI, measured by DMA, and the relevant 
measuring temperatures MTi for mechanical testing on the prediction accuracy should be investigated 
in further studies. 

3.3 Implementation of the modelled temperature-dependent basic strengths into a 

failure model for continuous fibre-reinforced plastics 

By implementing the determined hyperbolic functions for the strengths (R∥
t, R∥

c, R⊥
t, R⊥

c, R⊥∥) of PA6-

CF60, PA6-GF60 and PP-GF70 into Cuntze’s FMC [14], the failure conditions can be illustrated as 
curves or surfaces for any temperature in the range from -20 °C to +80 °C. The free parameters b⊥∥, 

b⊥
τ and ṁ which are required in the FMC are derived from tests with combined axial (tensile or 

compressive) and torsional loads on 90° tape-wound tube specimens at room temperature (see 
Figure 6) [1, 16]. 
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Figure 6: ZWICK universal testing machine Z250 with tape-wound tube specimen and optical 3D 
deformation analysis system ARAMIS for the measurement of the torsion angle during torsion testing 

 

The results for the free parameters b⊥∥, b⊥
τ  and ṁ, which were determined by fitting the biaxial failure 

curves to the test values, are shown in Table 6. 

Table 6:  Free parameters used in the failure conditions according to the FMC [14] 

Material bbsp ≡ 𝐛⊥∥ bstau ≡ 𝐛⊥
𝛕  mdot ≡ ṁ 

PA6-CF60 0.85 1.0 1.54 

PA6-GF60 0.32 1.0 1.84 

PP-GF70 0.95 1.0 1.67 

 

Figure 7 shows the σ2-τ21failure curves for PA6-GF60 at -20 °C, +23 °C and +80 °C as examples of the 
hyperbolic temperature dependency of the strengths implemented into the failure mode-related failure 

conditions. In addition to the failure curves, the diagram includes the strength values R⊥
c, R⊥

t and R⊥∥ 

of tested flat specimens as well as failure stress values of biaxial σ2-τ21tests at room temperature with 
wound tube specimens. 

 

 

Figure 7: 𝜎2-𝜏21failure curves according to Cuntze with implemented temperature-dependent basic 
strengths according to Gibson for PA6-GF60 at -20 °C, +23 °C and +80 °C 

 

When comparing the test values from biaxial tests on tube specimens with the failure curve for room 
temperature generated from the test values of flat specimens, it is evident that the failure curve predicts 
greater failure stresses than the biaxial tests, particularly in the compression range of the σ2-τ21diagram. 
Possible reasons for this deviation are influences of the specimen geometry and the manufacturing 
process. As a further example for the visualisation of the failure model with implemented temperature-
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dependent strengths, Figure 8 shows the σ2-σ1-τ21failure body of PA6-GF60, which can be plotted at 
any temperature in the investigated range using the Mathematica script, and is presented here 
for -20 °C, +23 °C and +80 °C.  

 

 

Figure 8: 𝜎1-𝜎2-𝜏21failure body according to Cuntze’s FMC [14] with implemented temperature-
dependent basic strengths for PA6-GF60 at -20 °C, +23 °C and +80 °C 

 

Moreover, Figure 9 illustrates the highly non-linear temperature-dependent failure behaviour of the 
investigated FRTPs as an extension of the usual σ2-τ21failure curves by temperature as the third 

dimension, resulting in σ2 − T − τ21 failure surfaces. With the presentation of different failure curves and 
surfaces in Figures 7–9, the technical feasibility of a script-based implementation of Gibson’s [2] 
hyperbolic approach for temperature dependence into Cuntze's [14] Failure Mode Concept for FRTPs 
is illustrated. 

 

 

Figure 9: 𝜎2-𝑇-𝜏21failure surfaces for PA6-CF60, PA6-GF60 and PP-GF70 in the range from -20 °C to 
+80 °C 

 

Then, physical aspects of feasibility and applicability have to be discussed. One fundamental 
assumption of Cuntze for the application of the FMC is the brittle failure behaviour of the investigated 
composite, which can be analysed from fracture images. As the fracture images in Table 7 from 
compression tests demonstrate, the fulfilment of this assumption must be critically examined, especially 
when the matrix-dominant directions of the FRTPs are loaded at elevated temperatures. At room 
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temperature, all three materials show the assumed fracture pattern for transverse pressure failure due 
to shearing in the fracture plane. At 80 °C, however, the fracture behaviour differs for each material. 
While the failure pattern in PA6-CF60 and PA6-GF60 can still be classified as brittle fracture, PP-GF70 
shows mixed failure of bulging and shear failure.  

 

Table 7:  Microscopic images of specimens from compression tests to determine the transverse 
compressive strength 𝑅⊥

𝑐 of PA6-CF60, PA6-GF60 and PP-GF70 at +23 °C and +80 °C 

Temperature PA6-CF60 PA6-GF60 PP-GF70 

+23 °C 

   

+80 °C 

   
 

For the potential application of the FMC at higher temperatures for PP-GF70, further tests are required 
to verify whether the predicted failure stresses correspond to the actual multiaxial load despite the mixed 
fracture behaviour. Moreover, for all investigated materials further tests are necessary to analyse the 
transferability of temperature-dependent failure stresses from flat specimens to the loading of curved 
geometries, e.g. tube specimens. If this is not possible due to geometrical and manufacturing influences, 
the type of sample geometry from which the basic strengths are obtained could be weighed up on the 
basis of the geometry and manufacturing technology for the design of components. It should also be 
noted that the free gradient parameters b⊥∥, b⊥

τ  and ṁ, which are assumed to be constant here, could 

also be temperature-dependent and thus would have to be determined for various temperatures in the 
investigated range. 

4 Conclusion and outlook 

The scripts created with Wolfram Mathematica in the context of this work provide a practical tool for the 
analytical description of the temperature dependence of the anisotropic strengths and stiffnesses of the 
investigated continuous fibre-reinforced semi-crystalline thermoplastics PA6-CF60, PA6-GF60 and PP-

GF70. Except for the fibre-parallel stiffnesses E∥
t and E∥

c, the hyperbolic approach [2] is appropriate for 

all basic properties E⊥
t, E⊥

c, G⊥∥, R∥
t, R∥

c, R⊥
t, R⊥

c and R⊥∥ as model of temperature dependence. An 

extension of the hyperbolic model, especially with regard to its application for wider temperature ranges 
and matrices with a larger number of softening phenomena, is suitable to consider the relevant 
mechanical effects for the corresponding application. A reduction of the necessary curve parameters Pj, 

Ti  and ki by averaging over all properties per parameter and material (fitting variant V2) causes a 
significant reduction of the prediction accuracy for the temperature dependence and should therefore 
not be applied. However, the test effort for determining predictive functions of temperature can be 
reduced by limiting the number of measurements to the relevant measurement temperatures with regard 
to DMA data according to fitting variant V3. The script-based implementation of the temperature-
dependent basic strengths into Cuntze’s Failure Mode Concept [14] carried out in the second section of 
the paper results in a model for predicting the failure behaviour under thermal and multiaxial mechanical 
stress. In order to verify the applicability of failure criteria based on uniaxial flat specimen, tests at 
different temperatures to multiaxial stress states in arbitrary geometries as well as further multiaxial tests 
on tube specimens according to recommendations of Puck [17] at different temperatures are necessary. 
Subsequently, failure analyses for multiaxially loaded FRTP structures can be performed on the basis 
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of the scripts created here for the implementation of the hyperbolic temperature curves of mechanical 
properties into a mode-based failure concept. 
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