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Abstract

This paper describes a mathematical model and the method for determining the thermal stress fields in
a cylindrical wall element of a pressure vessel with a built-in heating element and a layer of heat
insulating material. The method presented is based on the calculation of contact pressures.

1 Introduction

Most pressure vessel (autoclave) designs have an internal heater. Their common disadvantage is the
position of the heating elements in the reaction chamber. This reduces the usable volume of the reaction
chamber and leads to a rapid failure of the heating elements. The same applies to the overheating of
the supporting wall of the pressure vessel (autoclaves). This results in a reduction in its strength and the
associated pressure that can be generated.

Multiple studies have been conducted regarding multilayer structures. The various circumferential layers
with different properties of a solid propellant rocket motor are described here [1] to obtain an analytical
solution for the general case of a multilayered thick cylindrical shell for internal pressure and thermal
loads.

These previous studies consider the internal pressure exerted by both the cylindrical Ti-Al alloy liner and
the carbon fiber resin composite (CFRC) wound layers, as shown by two models which have been built
to illustrate the findings [2]. The first model is a cylinder loaded only with the internal pressure in the
hoop direction. The second is a cylinder loaded only with the internal pressure in the axial direction.
Solutions of stresses both in the hoop direction and in the axial direction were obtained by every layer
loaded under internal pressure.

There is also a method for determining the transient heat transfer coefficient in cylindrical, thick-walled
pressure parts [3]. The temperatures could be predicted at discrete locations throughout the wall if input
data, such as thermocouple responses, was defined for one or more interior layers.

In a further publication, the stress state of laminated inhomogeneous closed cylindrical shells with an
arbitrary cross-section was investigated, including transverse shear based on the linear element
hypothesis [4]. The presented results were calculated for a two-layer cylindrical shell whose cross-
section was a combination of an oval and a circle.
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The following paper presents a general and efficient stress analysis strategy for hollow composite
cylindrical structures consisting of multiple layers of different anisotropic materials, which are subjected
to different loads [5]. Cylindrical material anisotropy and various loading conditions were considered for
the stress analysis. The stress analysis method was demonstrated with an example of a 22-layer
composite riser and the results were compared with numerical solutions.

The construction of the cylindrical wall in Figure 1 is assumed to be ideal. If the outer layer 5 is larger
than the remaining layers, it can be calculated by [6], otherwise the calculation must be performed using
known analytical solutions [7, 8]. The inner wall (Figure 1, No. 1) is a highly stressed element and has
a complex stress-strain state, which is directly influenced by the layer with the heating elements (Figure
1, No. 2) by the parameters shape and position in the function as a spacer [9, 10]. The thickness and
material of the thermal insulation layer are determined by its thermal properties [11], which are intended
to eliminate the reduction of the mechanical properties of the retaining wall (Figure 1, No. 5) due to
undesired overheating during the operation of the autoclave.

1 inner layer

2 heating elements

3 middle layer

4 heat-insulating layer

5 outer layer

Figure 1: Structure diagram of the cylindrical wall of the high-pressure autoclave

2 Determination of the contact pressure in the cylindrical wall of the pressure
vessel

The cylindrical wall of the autoclave (figure 1) is recognized as elastic. The main criterion for the elastic
deformation under pressure is the fulfilment of the compatibility conditions for deformations of its contact
surfaces. The conditions for the equality of the radial displacements (u;(r;)) of the conjugated
components of structure (figure 1, No. 1), where the layer formed by heating elements and spacers
(Figure 1 1, No. 2) is assumed to be fixed, are generally determined by a system of equations.
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(explanation: E; — modulus of elasticity; g; — tension (o, — radial tension; o, — hoop tension; ¢, — axial
tension); u; - poisson's ratio)

In this system, the axial stresses are expressed as follows

oi(R) = Es, + uloi (Py) + ol (R)). @3)

(explanation: €, — axial strain)

Then system (2) can be represented in the form



(explanation: §; — coefficient thickness (B8; =
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Let us write this system explicitly
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The system of equations (5) can be used to determine unknown contact pressures P1, P2, Ps, Pa.
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Due to the geometric parameters and physical properties of the materials, the system of equations (5)
can be reduced to the form

,:U
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and by a matrix method with respect to unknown P1, P2, P3, Pa.
For structures (Figure 1) the integral state of equilibrium has the form
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The layer with heating elements (figure 1, No. 2) is not continuous and does not perceive any ring-
shaped stresses (shear stress and tangential stress) as the layer of heat-insulating material (figure 1,
No. 4). Taking this into account, equation (7) has the form
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and including the formulas of Lamé, the equation will read as follows:
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If we integrate this expression, we get
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For the structure under investigation, the expression (10) can be written in the form of a system

Plrl = Pzrz (11)
Rr,=PRr,

By adding the conditions for moving contact surfaces to this system, we obtain the system
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Assuming that all layers of the wall (figure 1) have the same modulus of elasticity (modulus of elasticity
of the first kind), we obtain a system of equations for determining contact pressures P1, P2, Ps, P4, taking

into account the geometric characteristics of the wall structure and without using the modulus of elasticity
of the layers.
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The solution of the obtained system is also realized using the matrix method.

Using the equation systems (6) and (14), the modulus of elasticity for the layer formed by the heating
elements can be calculated. It should be noted that the calculation of the modulus of elasticity Ez in the
system of equations (6) should be performed after the modulus of elasticity E4 has been changed to the
actual value of the modulus of elasticity of the thermal insulation material obtained by the experimental
procedure. Then the actual values of the contact pressures that occurs in the structure (figure 1) loaded
by the internal pressure Po are determined.

3 Distribution of the thermal field and consideration of its influence in
determining the contact pressures in the cylindrical wall of a high-pressure
vessel

It has been demonstrated experimentally [14] that the maximum heating temperature in the wall takes
place on the inner surface of the layer (figure 1, No. 3) behind the heating elements. The first two layers
of the wall have the same heating temperature T, can be assumed to be evenly heated and have no
temperature drop along their thickness.

In order to ensure the elastic operation function of the cylindrical wall in operating mode, it is necessary
to reliably compress the heat-insulating layer, which is guaranteed to transfer radial loads to the
supporting wall. The thermal expansion of layer 3 (figure 1) can cause the necessary compression of
the thermal insulation layer, taking into account the material properties of this layer and the value of the
thermal load in operating mode. Otherwise, the solution to this problem is to use metal for the central
wall, whose coefficient of thermal expansion is higher by a than for the other metal components of the
structure, which are equal a2 = as = as. The coefficient of thermal expansion of thermal insulation
materials is very low and their value is neglected as = 0. If we also consider the absence of radial
stresses on the inner and outer surfaces of a solid cylindrical wall, whose thickness causes a
temperature difference [12, 13], we write down the compatibility conditions for deformations (4) taking
into account the remarks made.
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(explanation: a; - coefficient of linear expansion, T - temperature)

The same system is in explicit form with respect to unknown contact pressures:
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The thermal field coming from the heating elements in the cylindrical collector wall of the autoclave
(figure 1) is axially symmetrical and the heat flow will be stationary along the wall thickness from the
heating elements to the outer surface of the co-vessel. It can be described as:

7)
o = 27z(T0—TenV)
| =
iIn L} +iln Ui +iln 5y 1
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(explanation: A; - thermal conductivity, T, - ambient temperature, KL - ambient thermal resistance)

env

Then, the unknown values of the temperatures at the contact radii in the system (16) can be calculated
from the equations

T(re,)=To—ii n(r—gj, (18)
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(explanation: g; - thermal flux)

The system of equations (16) is calculated using the matrix method and allows the determination of the
values of the resulting contact pressures in the construction (figure 1), which are caused by the effects
of the internal pressure and the temperature from the heating elements.

4 The design parameters of the cylindrical walls of a high-pressure autoclave

The composite cylindrical wall of a high-pressure autoclave (figure 1) will function correctly if the
equivalent stresses in the structure do not exceed the permissible stresses of the material of one of its
structural elements. Next, we will look at structures where the coefficients of thermal expansion of the
steel elements do not differ from each other.

The condition for structural strength (figure 1) is
Oequ (I‘O) < [0']1. (21)

Equivalent stresses (0equ (fo)) on the inner surface of the cylindrical wall (figure 1, No. 1) according to
the fourth strength theory have the form

. (r)_\/(a:o(Po,To)—a;o(pO,TO))2+(a;o(pO,TO)m:o(pO,TO))Z+(a;o(pO,TO)m:o(pO,TO))Z
equ\'0) — 2
(22)

and permissible stresses in the selection of the material of the structural element (figure 1, No. 1) are
determined by the pressure exerted by the component of the composite wall structure

P
[o], = FO : 23)
1

In the design under consideration, the ring stresses determined by formula (18), taking into account the
constant temperature of the central wall on the inner wall surface ro, have the form

10
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a,(r,)= - , (24)

and the axial stresses are represented by the following formula
o, (ro ) =Ee¢, + /u(o-t (ro )+ Oy (ro )) —a,E T, (25)

In equation (25), axial strain has the form
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= 2In (r,j
)
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The geometric parameters and properties of the materials of the cylindrical wall components, the heating
temperature and the internal pressure are functions of the stress-strain state of the prefabricated cylinder
wall of the autoclave. The stress intensity condition for determining optimum design parameters (figure
1) has the general form

K

O; :ai(ro,rl,rz,r3,r4,r5,ﬂ,/1ﬂ,ET,,PO,TO) 0. (27)

Ar — thermal conductivity of the thermal insulation layer

E+ — modulus of elasticity of the thermal insulation layer

The models obtained make it possible to determine the optimum parameters of the cylindrical wall
construction (figure 1) for high-pressure vessels with built-in heating elements and a layer of heat-
insulating material.

The results of the elastic modulus calculation for the thermal insulation of chamotte powder
(21 738 MPa) under elastic work and under technological load and asbestos (19 833 MPa) are
considered. And from the research results [11] we know that these materials have a thermal conductivity
between 0.77-1.411. We can construct curves to determine the parameters for functional constructions.

The stress-strain condition of the inner wall (figure 1, No. 1) depends essentially on the thickness and
properties of the thermal insulation. The modulus of elasticity of the thermal insulation set is assumed
to be 20 000 MPa. Temperature (To) and internal pressure (Po) are the parameters of the technological
(reaction) environment. For clarification the calculated curves were presented in this coordinate system
(Po, To). Figure 2 a shows the graphic dependencies (curves) of the internal pressure from the heating

11
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element temperature for the thermal conductivity coefficients of the thermal insulation material with the
parameters - ro = 195; r1 = 210; r2 = 220; r3 = 250; r4 = 255; rs = 480 mm; E1 = 200 000; E> = 33 333.3;
Es = 200 000; E4 = 20 000; Es = 200 000 MPa. And figure 2 b shows similar curves for construction with
parameters ro =400; ry = 410; r2 = 452; r3 = 470; rs = 485; rs = 800 mm; E; = 200 000; E, = 40 000; Es
= 200 000; E4 = 20 000; Es = 200 000 MPa.
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Figure 2: Curves for determining the central walls and heat insulation materials for the autoclave with
integrated heating element

5 Results

The mathematical model and the method for determining thermal stress fields in a cylindrical wall
element of a pressure vessel with a built-in heating element and a layer of heat insulating material was
discussed. The method is based on the calculation of contact pressures. Contact pressures are
calculated with regard to the condition of compatibility of the deformations of contacting layers.
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